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Abstract. For elliptic principal bundles tt : X B over Kahler man- 
ifolds it was shown by Blanchard that X has a Kahler metric if and 
only both Chern classes (with real coefficients) of tt vanish. For some 
elliptic principal bundles, when the span of these Chern classes is 1- 
dimensional, it was shown by Vaisman that X carry locally conformally 
Kahler (LCK, for short) metrics. We show that in the case when the 
Chern classes are linearly independent, X carries no LCK metric. 



1. Introduction. 

1.1. Motivation. Elliptic principal bundles, or, more generally, principal 
torus bundles (we will recall imediately the definitions) were always an ex- 
cellent "reservoir" for interesting examples in complex geometry. A short 
list would certainly include: 

- the very first non-Kahler manifolds (H. Hopf, 1948) - some Hopf surfaces 
- which are such bundles over P 1 ; 

- the first examples of non-Kahler simply connected manifolds (Calabi - 
Eckmann manifolds) are elliptic bundles over a product of projective spaces 
P r x P s , 

- the first examples of manifolds with non-closed global homolorphic forms 
(Iwasawa manifolds) are again elliptic principal bundles over abelian sur- 
faces, 

- examples of manifolds for which the Frohlicher spectral sequence degen- 
erates arbitrarly high (Rollenske, [5]). 

On the other hand, these kind of manifolds are abundant; for instance, in 
complex dimension 2 such compact surfaces exists in each class in Kodaira 
classification (except for class VII>q). 

A natural question one may ask about this type of manifolds is about the 
kind of hermitian metrics they can carry. A classical result of Blanchard (cf. 
PQ) states that if tt : X — > B is an elliptic principal bundle over a compact 
Kahler manifold, then X carries a Kahler metric if and only if both Chern 
classes (with real coefficients) of the bundle vanish. On the other hand, on 
a rather large class of elliptic principal bundles which are non-Kahler, one 
can show the existence of a locally conformally Kahler metric. 



1.2. Chern classes of elliptic principal bundles. In this section, we 
quickly recall some basic facts about elliptic principal bundles: more details 
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can be found for instance in [2] or in [3]. Let B be a differentiable man- 
ifold and E a 2-dimensional real torus. The set of isomorphism classes of 
principal bundles over B with fiber E is classified by the cohomology group 
H l (B ,C B (E)) where Cb(E) is a (ad-hoc) notation for the sheaf of germs 
of differentiable, E— valued functions defined on (open subsets of) B. As 
E ~ S 1 x S 1 , letting Z# (respectively Cb(C)) for the sheaf of germs of dif- 
ferentiable integer-valued (respectively complex-valued) functions, from the 
exact sequence 

-> Z® 2 -> C B (C) -)■ C B (.E) 

and the fact that Cb(C) is a fine sheaf, we see 

H\B,C B (E))^H 2 (B,Z B )® 2 . 

The image of a given X— principal bundle X — > B over 5 under the above 
isomorphism will be denoted (keeping the notations in [2]) by (c' 1 (X),c'((X)); 
its components will be called the Chern classes of X. 

An alternative way of defining the Chern classes is as follows. As transla- 
tions of E act trivially in the cohomology of E, we see that for any principal 
bundle tt : X -> B with fiber E one has 7^7r*(Z x ) ~ Z B ® H^E.'L) for all 
i. Fix a, f3 generators of H 2 (E,7j) and consider the spectral sequence 

Ef = m{B,W^{Z x )) =► H p+q (B,Z B ). 
Then the images of a, (3 under the differential 

d : ^{B^tt^Zx)) -)• H 2 (B,tt4Z x )) 

are the above Chern classes (modulo a possible twist by an automorphism 
of i? 1 (£', Z), that is, modulo action by an element in 6X2(2)). 

In the next lemma we gather some basic facts needed further; most likely, 
its content is well-known, but as we were not able to find a precise reference, 
we include a proof below. Notice that Chern classes here are viewed in 
H 2 (B,R) under the natural map H 2 (B,Z) -»• H 2 (B,R). 

Lemma 1. Let ir : X — > B be a principal bundle with fiber a 2-dimensional 
torus E. 

a) If at least one of the Chern classes of it is nontrivial in H 2 (B,R) then 
the homology class (with R- coefficients) of a fiber vanishes. 

b) If the two Chern classes are linealy independent in Lf 2 (i?,M) then the 
natural map tt* : H l (B,M) — > Lf x (X, M) is an isomorphism. 

Proof, a) Let Mx (resp. Rb) denote the sheaf of locally constant functions 
on X (resp. B). Consider the spectral sequence 

E™ = H q {B,KPn*^L x )) => H P+<1 {B,R B ). 
This induces an exact sequence 
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H 2 (X,R) A H°(B,n 2 Tr*(R x )) 4- H 2 (B,K\*(R X )) 
which, under canonical identifications, becomes 

(1) H 2 (X,R) A H 2 (E,R) A H 2 (B,R) H 1 (E,R). 

We must show that the natural map H2(E,M) —> H2(X,R) induced by the 
inclusion of a fiber is zero. This map is the dual of the map i* form ([1]). 
But H 2 (E,R) is generated by a A/3 and as differentials in the above spectral 
sequence are multiplicative, we see 

d(a A 0) = c[{X) ® p + 4(X) ® a 
Now if at least one of c'^X), d{{X) is non- vanishing, we see the map d is 
also nonvanishing; since H 2 (E,R) is one dimensional, we get d is actually 
injective, so i* is the null map. 

b). The proof is similar, only at this time we look at another exact se- 
quence induced by the spectral sequence above, namely (again under canon- 
ical identifications) at 

-> JT^B.R) A ii^p^R) A iJ^-E.R) 4 H 2 (B,R) 

The map c acts by c(a) = c' 1 ,c(f3) = c'{ so our hypothesis implies c is 
injective, hence 5 is the null map thus n* is surjective. 

□ 

If X, B are complex manifolds and E is an elliptic curve (viewed as a 
complex 1-dimensional Lie group), a holomorphic principal bundle map tt : 
X — > B with fiber E will be called elliptic principal bundle for short. From 
a) of the above Lemma and since no proper compact complex submanifold 
of a Kahler manifold can be homologous to zero, we have: 

Corollary 1. If E is an elliptic curve and tt : X — > B is an elliptic principal 
bundle such that at least one of the Chern classes is non-vanishing (with real 
coefficients) then X carries no Kahler metric. 

In particular, we rediscover one implication in Blanchard's theorem - but 
with no hypothesis on the base B. 

1.3. Locally conformally Kahler structures. We next recall some basic 
facts about locally conformally Kahler structures; more details can be found 
in the monograph [3j. By definition, given a complex manifold X, a hermit- 
ian metric g on X is called locally conformally Kahler (LCK for short) if X 

can be covered by open subsets X = {7, with the property that for each 

i € / there exists a Kahler metric gi defined on U{ such that gm. is confor- 
mally equivalent to gi, i.e. there exists some real- valued smooth function 
fi defined on Ui such that g\u. = e"gi- The definition is equivalent to the 
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following. Let Q be the Kahler form of g; then g is LCK iff there exists a 
closed 1— form 9 such that 

dVt = 9 A Q. 

Moreover, g is globally conformal to a Kahler metric iff 9 is exact. 

Historically, the first example of an LCK metric was given by Vaisman in 

clef 

1976 in [UJ; we include it here very briefly. Let n > 1 and let W = C n \{0}. 
Let Z act on W by 

lo( Zl ,...,z n ) = (2 l zi,...,2 l z n ),l eZ. 

Then the action is fixed-point-free and properly discontinous, and the quo- 

def 

tient X = W/li is compact. One immediately checks that the hermitian 
metric ^ 

g = - — : — pr(dzidzi -\ h dz n dz n ) 

l^i r H h Fn| 

on W is Z— invariant and defines an LCK metric on X. 

On the other hand, X has an obvious holomorphic projection ir : X — > 
P n_1 (C); one immediately checks that ir is actually an elliptic principal 
bundle, whose Chern classes are (a, 0) where a is the Poincare dual of a 
hiperplane section in P n_1 (C). 

As a consequence, we get the following 

Corollary 2. Let B be a complex projective manifold. Then there exists 
an elliptic principal bundle X B such that X has no Kahler metric but 
carries an LCK metric. For this bundle one of the Chern classes vanishes. 

Indeed, just embed B into some projective space and take the restriction 
of the map ir above to it. 

2. The main result. 

We begin by recalling, for the sake of simplicity, the following well-known 
statement: 

Lemma 2. Let (X, f2) be an LCK manifold, 9 the associated Lee form of Q 
and let oj be a 1—form on X which is cohomologous to 9. Then there exists 
a metric £1' on X which is conformally equivalent to £1 (in particular Q' is 
LCK too) such that the Lee form of Q' is uj. 

We are now ready to prove the main result of this note. 

Theorem 1. Let X,B be compact complex manifolds, X A B an elliptic 
principal bundle with fiber E. Lf the Chern classes of the bundle I 4 fi 
are linearly independent in H 2 {B,M) then X carries no locally conformally 
Kahler structure. 

Proof. Assume X carries an LCK metric Vt with Lee form#. As the Chern 
classes are independent, we get that ir* : H (JB 3 R) — > H l {X,M) is an iso- 
morphism. Hence there exists a 1—form r\ on B such that 9 and vr*(r/) are 
cohomologous. By Lemma [2] we may assume that 9 = K*{r\). This yields 
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(2) dD, = 7T* (77) A O. 

Now for each b € B let X(b) d = J E ft = voIq(Ei,); clearly A is a differen- 
tiable map A : B — > M>o- 

Hence, replacing Vl with jfl we can assume that relation ([2]) holds good 
and also that the volume of the fibers with respect to fl is constant. 

Let now [7] € tt±(B) be arbitrary and let 7 € [7] be a smooth represen- 
tative. Let M = 7r~ 1 (7); we see M is a smooth real 3— submanifold of X. 
We have 

0= f dfl= I ir*(r])An. 
Jm Jm 

But from the independence of J E fl on b G B and from Fubini's theorem, 
we get furthermore 




We obtain f rj = and hence rj is exact, as [7] was arbitrary. We derive 
that Q is globally conformally Kahler, so X would admit a Kahler metric; 
but this is impossible by Corollary [TJ □ 

References 

[1] Blanchard, A.: Espaces fibres kaleriens compacts, Comptes Rendus Acad. Sci, Paris 
238, (1954), 2281-2283. 

[2] Brinzanescu, V.: Neron-Severi group for nonalgebraic elliptic surfaces I; Elliptic 
bundle case, Manuscripta Math. 79, (1993), 187-195. 

[3] Dragomir, S., Ornea, L.: Locally conformal Kaehler geometry, Progress in Mathe- 
matics 155, Birkhauser, 1998. 

[4] Hofer , T.: Remarks on torus principal bundles, J. Math. Kyoto Univ. 33(1), (1993), 
227-259. 

[5] Rollenske, S.: The Frohlicher spectral sequence can be arbitrarily non-degenerate, 

Math. Ann., 341(3), (2008), 623-628, 
[6] Vaisman, I.: On locally conformal almost Khler manifolds, Israel J. Math. 24 (1976), 

no. 3-4, 338-351. 

Victor Vuletescu 

University of Bucharest, Faculty of Mathematics and Informatics, 
14 academiei str., 70109 bucharest, romania. 



- 5 - 



version 1.01, January 06, 2010 



